ABSTRACT. We show that the attenuated (exponential) Radon transform ÄM, where p is assumed to be linear in the space variable, is injective on compactly supported distributions.
ON THE INJECTIVITY OF THE ATTENUATED RADON TRANSFORM ALEXANDER HERTLE
ABSTRACT. We show that the attenuated (exponential) Radon transform ÄM, where p is assumed to be linear in the space variable, is injective on compactly supported distributions.
Moreover, a limited angle reconstruction is possible and a hole theorem holds. We review the well-known special case of constant attenuation.
Introduction.
Let p, G C°°(S1 x R2) be given. 
R^. C°°(S1 x R) -► C°°(R2) of Ru is given by
Rtip(x)= f ^(w,w-^Mdw.
Js1
As in the classical case p = 0 (cf. [2] ), we extend R^ from £'(R2) into Í'(S1 x R) via (Ruu, tp) = (u,Rlip), where u G £"(R2) and tp G C™(SX x R).
The case p(u>, x) = (const)w1-• x, where uj-1 = (-W2,<jJi), is known as constant attenuation (see e.g. Tretiak and Metz [9] ). In this note we assume throughout that p is linear in i, i.e. there exists a C°° vector field v = (^1,^2): S1 -► R2, such that
where 9 G [0,2ir] and w = (cos6,sinö). Thus (0.2) can be regarded as a first order approximation to a general /z G C°°.
The results of this paper (except for the limited angle reconstruction) are known for constant attenuation.
Tretiak and Metz [9] and Markoe [3] gave inversion formulae, and Quinto [6] proved the hole theorem in this case (his proof is not related to ours). Further, Quinto [6] inverted rotation invariant Radon transforms. But (0.1) is not rotation invariant, and in such cases only local invertibility results are known so far (Markoe and Quinto [4] ).
Transforms of type (0.1) appear in problems pertaining to emission computed tomography, see e.g. Tretiak [8] . Of course, our injectivity result ( §1) only demonstrates that a subclass (0.2) of such transforms can in principle be inverted. The limited angle theorem and the hole theorem ( §2) are at least of theoretical interest (they are of even practical interest for the classical Radon transform). dz/dp and dz/dO: TzMu = (dz/dp,dz/dO).
Since û is entire, by (1.1) injectivity of Ru means essentially the existence of points z in Mß without complex tangents in TzM^, i.e. the complexification TzMß ® C of TzMß is whole of C2. In particular, at such points, dz/dp and dz/dB form a basis ofC2(cf. [10, §17] ). PROOF. First note that dz/dp = (cos6»,sinö), dz/dB = (-p sin0,p cos9) + ¿K(0),i/2(0)).
Henee condition (1.3) gives rise to a homogeneous system of four linear equations, which matrix A is given by
The determinant of A is immediately computed to REMARK. For a submanifold M of C2 and its tangent space TZM, condition (1.3) is known as M being totally real at z. In general we do not know that Mß is a submanifold. But for constant attenuation a more precise description of Mß is possible, see §3.
The hole theorem.
Recall that p, is of the form (0.2), but for this section it suffices that v. S1 -► R2 is a C1 vector field.-The proof of the following theorem is in its idea a variant of Helgason's proof for the classical case [2] , of which a short presentation was given by Strichartz in [7] . 3. The case of constant attenuation. We finally study Mß (cf. §1) in the case of constant attenuation.
A precise description of Mß is possible then, and if p, t¿ 0 the location of MM in C2 shows an interesting difference to the classical situation MM = R2. As usual, for z -(z\,z2) G C2 we write z\ -x\ + 1x3 and z2 = x2 + IX4. ACKNOWLEDGEMENT. This paper was prepared during a stay at Tufts University, Medford. I would like to thank the Mathematics Department and Professor Quinto, in particular, for their kind hospitality.
ADDED IN PROOF. Professor F. Natterer informed me that his group at Münster obtained Theorem 1.2 by other methods.
